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In the present paper the magneto-optical Franz-Keldysh effect is predicted to occur in graphene. Explicit
expressions for the energies of Landau-level excitations in a graphene monolayer in the presence of a high
quantizing magnetic ﬁeld and driven by an intense electromagnetic radiation are derived. The combination of
both ﬁelds favors the electromagnetic blueshifts and redshifts of the Landau level and in addition, magneto-optical
electron transitions between sublevels in the system can take place.
DOI: 10.1103/PhysRevB.85.235442 PACS number(s): 73.22.Pr
I. INTRODUCTION
In recent years, after the discovery of graphene, numerous
works have been dedicated to studying this fascinating system
because of nonpeculiar properties observed here.1–5 The
characteristic gapless band structure of graphene in which
the valence and conduction bands touch at two nonequivalent
points at the corners of the Brillouin zone, as a consequence of
the honeycomb lattice structure, makes it optically transparent,
as well highly conductive.6,7 The low-energy excitations in
graphene are Dirac electrons, which possess linear energy
dispersion similar to photons in the electromagnetic radiation.
Such a unique energy structure in graphene monolayers radi-
cally affects its transport and optical properties. In particular,
electrical and optical features in graphene under intense ac
ﬁelds have been the object of research, ﬁnding that intense
ac radiation can shockingly change the energy structure in
graphene and therefore the density of states.8–10 In this connec-
tion, an energy gap can be observed around the Dirac points11
and, likewise, a novel Hall effect occurring in the absence
of magnetic ﬁelds is predicted in graphene monolayers under
intense circularly polarized light.12 Similarly, ametal-insulator
transition in graphene as a result of an electron-photon
interaction was recently proposed,13 as well as dissipationless
electron transport without Joule heating.14 These particular
optical and transport features in graphene offer a promising
ﬁeld of application in optoelectronic devices. Although the
energy spectrum of graphene under intense electromagnetic
ﬁelds has been extensively researched, this is still an open
question for the solid-state community. Thereby, the purpose of
this work is to study the electronic energy structure of graphene
under intense dc magnetic and ac electromagnetic ﬁelds.
The paper is organized as follows: In Sec. II, we write
the Hamiltonian of the system in the formalism of second-
quantization operators. In Sec. III, expressions for the energy
band structure are obtained and in Sec. IV themain conclusions
of the work are furnished.
II. MODEL AND FORMALISM
The Hamiltonian for electron states in the vicinity of Dirac
points in a graphene layer, placed in the x-y plane, under the
action of a quantizing static magnetic ﬁeld and driven by an
intense ac ﬁeld of ω frequency, can be written as follows:
ˆH = ˆH1 + ˆH2. (1)
In Eq. (1), in order to diagonalize, we separated the Hamilto-
nian into two parts. The ˆH1 Hamiltonian has the form
ˆH1 = vf σ · ( p + eA0), (2)
where vf , σ , and p are the Fermi velocity, the Pauli matrices,
and the electron momentum, respectively, and A0 is the vector
potential associated with the static ﬁeld, which in the Landau
gauge is in the form A0 = (−yB,0,0). The introduction of the
magnetic ﬁeld into the problem was done by adding the vector
potential to the electron momentum according to the rule of
minimal coupling. On the other hand, the ˆH2 Hamiltonian has
the form
ˆH2 = evf σ · A(r,t). (3)
Here, A(r,t) is the vector potential of the electromagnetic
ﬁeld. In the above equations, we are dealing with electrons
in the conduction zone and, therefore, we have taken q = −e
for the electron charge. Let us simplify the developments by
representing the stationary eigenfunctions of the ˆH1 Hamil-
tonian in the position basis as ψ(r) = eikxφ(y), invoking the
translational invariance along the x axis. k is the wave vector.
In this sense, replacing the function ψ(r) in the eigenvalue
equation for ˆH1 and introducing the operators
aˆ = 1√
2
(
ξ + ∂
∂ξ
)
, (4)
aˆ† = 1√
2
(
ξ − ∂
∂ξ
)
, (5)
the ˆH1 Hamiltonian acquires the form
ˆH1 = −Ef
(0 aˆ
aˆ† 0
)
. (6)
In the expressions above, y = ξ lB + l2Bk, ∂/∂ξ = lB∂/∂y, and
Ef =
√
2vf h¯/ lB , where lB =
√
h¯/eB is the magnetic length.
Likewise, within the standard quantum ﬁeld theory, after the
usual quantization of the photon vector potential in the space
of volume V and assuming the electromagnetic ﬁeld to be cir-
cularly polarized, the vector potential for the electromagnetic
radiation can be described in terms of the second-quantization
operators of photon creation and annihilation
ˆA(r,t) =
√
h¯
ω0V
(eˆ+ ˆb + eˆ− ˆb†), (7)
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where the unitary vectors eˆ± = (ex ± iey)/
√
2 are associated
with the direction of radiation polarization. After replacing
expression (7) in Eq. (3), the ˆH2 Hamiltonian takes the form
ˆH2 = Ea
( 0 ˆb
ˆb† 0
)
, (8)
where the quantity Ea = evf
√
2h¯/ω0V . Finally, the ˆH
Hamiltonian can be expressed in the following matrix form:
ˆH =
(0 −Ef aˆ + Ea ˆb
−Ef aˆ† + Ea ˆb† 0
)
. (9)
In this paper, we employed a nonperturbative approxima-
tion to obtain the energy spectrum of electrons in graphene
under the action of dc magnetic and ac electromagnetic ﬁelds.
In this context, we will use the developments reported by Peres
et al.,15 where in order to diagonalize the total Hamiltonian (9),
we introduced the ˆH = σz ˆHσz = − ˆH operator, which acts on
the same Hilbert space as the ˆH Hamiltonian. If we take a
linear combination of ˆH and ˆH operators, we have
μ
ˆ
H ˆH + η( ˆH + ˆH ) = ˆJ I + K , (10)
where μ and η are real coefﬁcients. The ˆJ and K quantities
are a nondiagonal operator and a 2 × 2 matrix, respectively. If
we chooseμ = −1 and η = E, we ﬁnally obtain the following
eigenvalue equation,
E2|ψ〉 = ( ˆJ I + K )|ψ〉, (11)
where, by obtaining the above identity, we considered the
eigenvalue equation ˆH |ψ〉 = E|ψ〉. I is the 2 × 2 unit matrix.
The explicit form of K is deﬁned by the expression
K =
(
E2f + E2a 0
0 0
)
. (12)
On the other hand, the ˆJ operator can be written as ˆJ = ˆJ1 +
ˆJ2, where the ˆJ1 and ˆJ2 operators are deﬁned by the equations
ˆJ1 = E2f aˆ†aˆ, ˆJ2 = E2a ˆb† ˆb − Ef Ea( ˆb†aˆ + aˆ† ˆb). (13)
For zero ac ﬁeld, the energy spectrum of electrons is quantized
in Landau levels15,16
En = Ef
√
n + 1 ± 1
2
, (14)
which appears as a solution to the eigenvalue equations Kχ =
λχχ and ˆJ1|ϕ〉 = λϕ|ϕ〉, where the λχ and λϕ quantities are
the eigenvalues of K and ˆJ1, respectively, and they take the
λχ = 0,E2f and λϕ = E2f n values. Here, n is the Landau-level
index. In obtaining Eq. (14) we have taken into account that
the |ψ〉 spinor can be represented as a product of |ψ〉 = χ |ϕ〉.
From Eq. (14) we identiﬁed the double degeneracy associated
with different |n〉 and |n − 1〉 states, so the |ψ〉 spinor has the
general form of |ψ〉 = χn|n〉 ± χn−1|n − 1〉.
For zero dc magnetic ﬁeld, the energy spectrum of electron-
photon states can be similarly obtained fromEqs. (12) and (13)
at the Dirac points, i.e., for k = 0 as follows:
E = Ea
√
No + 1 ± 12 . (15)
As in Eq. (14), expression (15) is a solution to the eigenvalue
equations Kγ = λγ γ and ˆJ |φ〉 = λφ|φ〉, where the λγ and
λφ quantities take the values of λγ = 0,E2a and λφ = E2aNo.
Here, No is the photon occupation number. In the No 
1 limit, one can identify from Eq. (15) the blueshift of
magnitude 2vf eEo/ω, which is characteristic of the dynamical
Franz-Keldysh effect originated by the fundamental absorption
edge due to the interaction between electrons at the Dirac
points and photons of the electromagnetic radiation. Eo =√
4πNoh¯ω/oV is the amplitude of the electromagnetic ﬁeld.
The result in Eq. (15) is consistent with previous works13 in
graphene and, together with the result in Eq. (14), for both
A(r) = 0 and Ao = 0 limits, respectively, the validity of the
formalism used in this paper is shown.
Equation (13) shows the nondiagonality of the ˆJ2 operator.
For this reason, we looked for a different operator with
common |n,Nα〉 eigenvectors with the ˆJ1 operator. Therefore,
the diagonalization of ˆJ2 is performed through different Bose
operators via the following canonical transformation:
cˆα = u1aˆ + u2 ˆb − v1aˆ† − v1 ˆb†, (16)
cˆ†α = u1aˆ† + u2 ˆb† − v1aˆ − v2 ˆb, (17)
where u1, u2, v1, and v1 are real coefﬁcients, which are chosen
such that the ˆJ2 operator is diagonal:
ˆJ2 =
∑
α
E2αcˆ
†
αcˆα. (18)
The cˆα and cˆ†α operators satisfy theBose commutation relations
[cˆα,cˆ†α′ ] = δαα′ . For the deﬁnition of the energy E2α , we
calculated the [cˆα, ˆJ2] commutator in two ways: In the ﬁrst
case, we introduced the relation (16) in the commutation
[cˆα, ˆJ2] relation, obtaining
[cˆα, ˆJ2] = E2αcˆα, (19)
and in the second case, we calculated the above commutator
explicitly through the expressions performed in Eqs. (16) and
(18), obtaining a set of equations for the u1, u2, v1, and v1
coefﬁcients. Finally, by solving the set of equations obtained,
we get the following expression for E2α:
E2α =
E2a
2
[
(−1)α +
√
1 + 4E
2
f
E2a
]
, (20)
where α = 1,2. The foregoing expression, together with
Eq. (12), represents the eigenvalues for the ˆJ and K operators,
respectively. In obtaining expression (20), we have taken only
the real solutions forEα . Finally, the total spinor can be written
in the following matrix form:
|ψ〉 =
(
χn,Nα |n,Nα〉
sχn−1,Nα |n − 1,Nα〉
)
, (21)
where the χn,Nα and χn−1,Nα functions satisfy the eigenvalue
Eq. (11) and s = ±1.
III. LANDAU-LEVEL SHIFT AND MAGNETO-OPTICAL
TRANSITIONS
The full energy En,Nα of the system consists of two terms:
the energy of Landau-level structure En and the energy of
235442-2
MAGNETO-OPTICAL FRANZ-KELDYSH EFFECT IN GRAPHENE PHYSICAL REVIEW B 85, 235442 (2012)
the Landau-level excitations εNα . In a general form, the En,Nα
energy can be determined by the solution of the eigenvalue
Eqs. (12), (13), and (18). The expression for the energy
structure of excitations is given by εNα = (E2n,Nα − E2n)1/2,
where around every Landau level there is a sideband structure
of sublevels for every value of α, corresponding to two
branches of excitations with energies(
ε2Nα − E2a
)1/2 = ±Eα√Nα. (22)
As we see from the foregoing equation, at every Landau level
for Nα = 0 both blueshifts and redshifts ±Ea can take place.
The blueshift is characteristic in the dynamical Franz-Keldysh
effect in conventional semiconductors and in graphene as
shown in the previous section; for zero dcmagnetic ﬁeld it is in
the order ofEa . The redshift is due to the coupling between the
dcmagnetic ﬁeld and the electromagnetic radiation.Also, from
Eq. (22) we can clearly see the emergence of a complementary
sideband structure around the energy shift of the Landau
levels. The Eα quantity is the magnitude of the splittings from
the Landau levels, which arise in the energy structure of a
graphene layer and it is associated with the mix of electron
states in the presence of a quantizing magnetic ﬁeld and
photons of the electromagnetic radiation. Furthermore, the ac
ﬁeld splits the Landau levels in a nonuniform manner and
the sublevel separation is not unchanging for every Landau
level, i.e., the sublevel spacing is not constant due to the
square root in Eq. (22). This fact is a direct consequence of
the ultrarelativistic nature of Dirac electrons in graphene. In
Eq. (22) Nα is the eigenvalue of the cˆ†αcˆα operator, which
quantizes the structure around the Landau levels as a result of
the electromagnetic splitting, and in combinationwithα it is an
index for different magneto-optical absorption and emission
channels. The kind of magneto-optical Franz-Keldysh effect
predicted here was studied in two-dimensional (2D)17 and
three-dimensional (3D)18 electron gases.
The spectrum obtained for Landau levels interacting with
electromagnetic radiation photons is a solution of the time-
independent Dirac equation in a nonperturbative approach and,
therefore, it will be explicitly present in all features perceptible
to the density of states, which can generally be derived from
FIG. 1. Density of states at the lowest Landau level for Ea/Ef =
0.8.
FIG. 2. Energy of the low- and high-energy branches as function
of the intensity of the radiation ﬁeld.
the equation
D(E) = −gvgs
π
ImTrG(E). (23)
The stationary Green’s function of the ˆH Hamiltonian in
graphene is a 2 × 2 matrix in the form
G(E) =
(
G11 −G10
−G01 G00
)
, (24)
where the matrix elements are deﬁned by
Gσσ ′ =
∑
n,Nα,s,α
sχn−σ ′,Nαχn−σ,Nα 〈n − σ ′,Nα|n − σ,Nα〉
E − sEn,Nα + ıη
,
(25)
Gσσ =
∑
n,Nα,s,α
χn−σ,Nαχn−σ,Nα 〈n − σ,Nα|n − σ,Nα〉
E − sEn,Nα + ıη
. (26)
Here σ,σ ′ = 0,1 and σ = σ ′, the η quantity is an inﬁnitesimal
positive imaginary part of E to ensure the convergence of the
Green’s function, and gv(s) is the valley (spin) degeneracy. The
χn−σ,Nα factor deﬁnes the amplitude of probability for different
optical processes in the two branches observed in a series of
peaks around every Landau level. The evidence of interaction
among electrons in the Landau levels and the radiation, via
absorption and emission, is reﬂected in the maximum of the
density of states (23), which is shifted by the Ea energy. The
FIG. 3. Density of states at the lowest Landau level for Ea/Ef =
0.4 (solid line), 1.2 (dotted line), and 2 (dashed line).
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modiﬁcations of the density of states below and above the Lan-
dau level are the magneto-optical analog of the static Franz-
Keldysh effect. Figure 1 shows the normalized density of states
for the lowest Landau level (n = 0) and the optical channels
Nα = 0,1, and in Fig. 2 the energy of both excitation branches
Eα as function of the intensity of the radiation ﬁeld at n = 0
is pictured. In Fig. 3 we present the same picture as in Fig. 1,
but for different values of the intensity of the radiation ﬁeld.
IV. ANALYSIS AND CONCLUSIONS
In the present paper, we derived explicit expressions
in Eqs. (20) and (22) for the structure of Landau-level
excitations in a graphene monolayer in the presence of a high
quantizing magnetic ﬁeld and driven by intense electro-
magnetic radiation. It is well known in conventional semi-
conductors that under the action of intense ac ﬁeld, the
energy spectrum of electrons undergoes radical changes as a
consequence of energy absorption from the ﬁeld and, thus, the
energy structure of electrons is shifted. This is the so-called
dynamical Franz-Keldysh effect.19,20 In this work we have
basically considered, besides the ac ﬁeld, the presence of a dc
magnetic ﬁeld, which quantizes the electron energy spectrum
in Landau levels. This combination radically impacts the
electron energy spectrum, generating Landau-level splitting
associated with different magneto-optical electron transitions,
complementary to the energy shift of every Landau level,
i.e., in the presence of intense ac ﬁelds, electrons localized
in Landau levels can interact with the radiation ﬁeld via
absorption and emission of photons, generating a series of
peaks around ±Ea for every Landau level. The magnitude of
the Ea shift in graphene is determined from Eq. (22). This
effect is reﬂected in Eqs. (23) and (25) for the density of
states, which, in order to simplify the numerical calculations
and improve the numerical accuracy, we have normalized by
the density of statesDo without radiation ﬁeld. To clearly show
the coupling effect reported here, between the magnetic ﬁeld
and the electromagnetic radiation in a monolayer of graphene,
we plot the density of states at the lowest Landau level in
Fig. 1 for the values Ea/Ef = 0.4 and Nα = 0,1. The zero
value in the E/Ef axis corresponds to the position of the
lowest Landau level. From this picture the emergence of three
peaks at every side of the lowest Landau level as a contribution
on the density of states from different optical channels, which
are quantized by the parameterNα , is evident. AsNα increases,
more terms under the summation in Eq. (25) start to contribute
with comparable weight. The presence of radiation ﬁeld favors
the density of states even in a negative energy regime. The ﬁrst
peak is associated with the redshift (blueshift) (Nα = 0) of
the lowest Landau level. The other two peaks (Nα = 1) are
connected to the Landau-level splitting via optical processes
of absorption (emission). In Fig. 2 we show, with a solid line,
the energy of the two branches of excitation, according to
Eq. (20), as function of the radiation intensity. For small Ea
values, both branches Eα grow in the same manner, but for
higher values, the low-energy branch shows a nonmonotonic
dependence on Ea , melting into the Landau-level shift, which
is pictured with a dotted line. Such a “melting situation” is
also evidenced in Fig. 3 for the density of states. This behavior
leads to the collapse of the low-energy branch, while the
high-energy branch grows linearly from the Landau-level shift
as Ea increases. Figure 3 shows the displacement of the peaks
associated with magneto-optical structures around the lowest
Landau level for Ea/Ef = 0.4,1.2,2 values. It is important to
note that the redshift (blueshift) is present even for Nα = 0
in all optical processes, and the effect is stronger with the
increasing of the radiation intensity in the THz regime at a
ﬁxed magnetic ﬁeld.
To conclude, we found that intense electromagnetic ra-
diation splits a sideband structure of excited states at every
Landau level. In this sense, we derived an explicit expression
in Eq. (20) for the energy of Landau-level excitations in a
graphene monolayer as an algebraic solution to the Dirac
equation. In conventional semiconductors, the existence of
such sidebands is important in optical and transport fea-
tures such as the Stark effect and photon-assisted tunneling.
Because the structures predicted here are not perturbative
effects, their observation would require a THz source of
strong intensity as that of free-electron lasers, which allow
studying the interaction between intense magnetic ﬁeld and
ac ﬁelds. Such sideband structures of Landau levels can be
observed inmagneto-optic andmagnetotransport experiments,
in which the energy of the electron spectrum is in the
order of meV, where the concurrence of several energies
of the system is possible and quantum effects can take
place.
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